ﬁa Solutions to the problems

o, from 12/01/2025

MathLovers

| Problem 1. Prove that there exists A € R such that for every n € N we have

(1+1) < A
n

Source: a well-known and well-liked problem
Selected by: Tomasz Kossakowski
Solution: Expanding the expression using the binomial theorem, we obtain:

(43 =E ()

For every k > 0 we have the estimate

(n) =1 (n—k+1) _nt

k k! kD
and hence
n\ 1 1
— < =
(l{:)nk k!
Therefore,
1\" " (n\ 1 "1 > 1
1+-) = — <Y <Y —=e
( +n> ,§)<k>nk 2o kz::ok! c

Thus, we may take A = e, which completes the proof.
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| Problem 2. Let O be a point inside an acute triangle ABC. Let p,q be two
distinct lines passing through O, both intersecting the sides AB and AC. Denote

K=pnAB, L=pnAC, M=qNnAC, N=qNAB.

The circumcircles of triangles NKO and MOL intersect again at a point P # O.
Assume that the points A, N, K, B and A, L, M, C lie on the sides AB and AC
respectively in this order. Prove that

IBAC = YPKL+ SPMN.

Author: Bartosz Trojanowski
Solution: Observe that

JAMP = 4PML = 180° — 94POL = 4POK = 4PNK = 180° — 4PN A.
Hence the quadrilateral AN PM is cyclic. We also have
JPLK = 4PLO = 4PMO = 4PMN = 4PAN = 4PAK,
so the quadrilateral AK PL is also cyclic. Therefore,
JBAC = 4BAP + 4CAP = 4NAP + JLAP = 4PMN + 4PKL,

which completes the proof. |
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